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L^-distributions on symmetric spaces 

Michael Ruzhansky 

o : 

O . Abstract 

■ The notion of L^'-distributions is introduced on Riemannian symmetric spaces of 

Q . noncompact type and their main properties are estabhshed. We use a geometric de- 

I scription for the topology of the space of test functions in terms of the Laplace-Beltrami 

' operator. The techniques are based on a-priori estimates for elliptic operators. We show 

T-H . that structure theorems, similar to M", hold on symmetric spaces. We give estimates 

i for the convolutions. 

<: 

' 1 Introduction 
d ■ 

, In this paper we will generalize the notion of L^-distributions to the setting of symmetric 
spaces and establish their main properties. Basic examples are L^-functions and their gen- 
^ ■ eralized derivatives. We will give an invariant description of these distributions as sums of 
O . iterated Laplace-Beltrami operators applied to L^-functions. As consequence, we give several 
results on convolution and other properties of these distributions. 

We use a geometric approach based on a-priori estimates involving elliptic operators. We 
suggest alternative definitions of test functions using the iterated powers of the Laplace- 
O ■ Beltrami operator associated to the Riemannian structure. Combining the regularity prop- 
^ . erties of pseudo-differential operators with the existence of fundamental solutions for elliptic 
^ ', invariant operators on a symmetric space, we can obtain certain uniform a-priori estimates for 
^ I the elliptic invariant operators. These estimates are established in spaces for 1 < p < oo. 

Similar estimates for the gradient are known for p = oo on manifolds with bounded curvature 
([3]). On the other hand, estimates for 1 < p < oo are well known for Euclidean spaces (pT]) 
and are closely related to the continuity of pseudo-differential operators of order zero, which 
', holds only locally on general manifolds. We will give a unifying algebraic proof of global 
a-priori estimates in L^-space for all 1 < p < oo on symmetric spaces of the noncompact 
type. The estimates are uniform since one can use convolution to extend them globally. The 
general theory of the second order differential operators on Lie groups can be found in [8], 
|13] . and we refer there for more detailed information. 

In the last section we use these estimates to define the spaces of test functions dependent 
on p. Then the standard construction leads to the distribution spaces P^p. We relate these 
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spaces to the corresponding spaces and their generahzed derivatives. Distribution spaces 
of this type are useful in a number of apphcations ([10], [2])- The general distribution the- 
ory on symmetric spaces can be found in [3] (as well as many general results on invariant 
differential operators and convolutions). However, in comparison with M", we obtain the rep- 
resentation formulas involving the iterated Laplacian. Finally we show that the convolution 
properties of [lOj hold. The spaces provide a scale of distribution spaces which leads to 
the tempered distributions. In [Ij, summable distributions {V'^^) are used as a foundation 
for the theory of distributions in locally convex spaces. In the case of symmetric spaces, this 
leads to the distribution theory as well, since the convolution techniques are available. We 
hope to develop this point of view in subsequent work. 

Finally we note that in this paper we consider groups with classical Lie algebras only. The 
exceptional cases Ce, t-j, t% are left out because the mapping civr induced by the canonical 
projection vr of the symmetric space is not surjective from the center of the algebra of 
left invariant differential operators on the group to the algebra of left invariant differential 
operators on the symmetric space ([6]). 

I would like to thank professor Erik Thomas for drawing my attention to the subject and 
for clarifying the equicontinuity argument in Theorem HI 

2 Preliminary estimates 

Let M = G/H be a Riemannian symmetric space of the noncompact type. This means, that 
it can be viewed as a quotient M = G/H, where G is a connected semisimple Lie group with 
trivial center and H is its maximal compact subgroup. We will always assume that the Lie 
algebra g of G is classical. Therefore, we exclude the exceptional cases eg, e?, ts, with pairs 
{G,H) listed in The Riemannian structure on M is supposed to be invariant under the 
left action of G. 

We will describe first a relation between parametrix and fundamental solutions of P. This 
will lead to some integrability properties of fundamental solutions, which will be applied for 
getting uniform estimates. Let P be an elliptic differential operator of order m on M. 
Then there exists a parametrix for P, namely a pseudo-differential operator Q G ^"'"(M) 
of order — m, such that 



with R e ^'-~(M). Let F be the distributional kernel of Q. This means that F e V'{MxM) 
satisfies {Q(j),tp) = (F, ® tp) for all (pjip E V[M), where T>{M) is the standard space of 
smooth compactly supported functions on M. In the sequel we will write 



and we view Q as a singular integral operator with kernel F, where /i is the Riemannian 
measure on M. Note also, that P is automatically proper supported because it is a local 
operator. Assume now that P is G-left invariant. Then, according to [5], Theorem 4.2], there 
exists a fundamental solution for P, namely a distribution K G T>'[M), such that 



QP=I+R 



(1) 




PK = 6, 



(2) 
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6 being a delta function at the origin p of M. Let a G V{M) be a test function, such that 
a{x) = 1 for X in a small neighborhood of p. Then equality (E]) implies the existence of 
/? e P(M), such that 

P{aK) = 6 + (3. (3) 

In fact, taking [3 = P{aK) —S one readily verifies that (3 G T>{M). The only singularity of K 
occurs at the point p due to the ellipticity of P and we will be interested in the integrability 
properties of aK. An apphcation of formula ([H) to aK yields 

aK + R{aK) = QP{aK) = Q6 + Q/3, (4) 

the last equality due to ©• We have /3 G V{M) and R G ^-~(M) implying R{aK), Ql3 G 
C°°{M). The operators Q and i? are properly supported, therefore all the functions in (jlj) 
have compact support. Let D G \E''^(M) be properly supported, k < m. The application of 
D to (jH) and the arguments above imply 

D{aK)=DQS + ^, (5) 

with ip G V{M). Now, the operator i^Q is of a negative order k — m and this implies the 
integrability of of its integral kernel at p. This property holds locally on arbitrary smooth 
manifolds (cf. [T^, and some related properties can be found in [U]). The latter is equal 
to DQ6{x). Equality ([5]) implies the integrability of D{aK). Thus, we have proved the 
following 

Lemma 1 Let P be an invariant elliptic differential operator of order m on M and K its 
fundamental solution at p. Then, for every D G \E'^(M), k < m, DK is locally integrable 
DKELUM). 

We will apply this lemma to two cases, D being an invariant differential operator and P 
being the Laplace-Beltrami operator on M equipped with a Riemannian structure. The 
space of G-left invariant differential operators of order k on M will be denoted D'^(M). Let 
Z(G) denote the center of the algebra of the left invariant differential operators on G. Let 
TT : G — > M = G/H be the canonical projection and let g denote the Lie algebra of G. Note, 
that dn : Q —>■ TpM can be extended to the algebra D(G) of the left invariant differential 
operators on G. 

Theorem 1 Let the Lie algebra q of G be classical and semisimple. Let P G D™(M) be 
elliptic, D G D*'(M), Q < k < m and 1 < p < oo. Then there exist constants A, B, such 
that for every u G Lp(M) with Pu G L'p{M), we have Du G L'p{M) and 

\\Du\\p < A\\Pu\\p + B\\u\\p. (6) 

If p = oo, then Du is continuous. 

If Q is not classical (for example, when g is the real form of the exceptional Lie algebras eg, 
C7, eg), the statement of Theorem [T] still holds if we assume that P G dTi{'L{G)). 

Let X be a smooth vector field on M . X is called bounded if there exist a constant G 
such that \\Xx\\ < G for every point x G M, where || ■ || = (■, ■)^^'^ is the Riemannian norm 
on T^M, corresponding to the Riemannian structure. 
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Theorem 2 Let M be a Riemannian symmetric space as above and let A be the associated 
Laplace-Beltrami operator. Let 1 < p < oo and let X be a smooth bounded vector field on 
M. Then there exist constants A, B, such that for every u G L'^{M) with Au G L'^{M), we 
have that the derivative of u with respect to X is U-integrable, Xu G L'^{M) and 

\\Xu\\p < A\\Au\\p + B\\u\\p. (7) 

If p = oo, then Xu is continuous. Moreover, A and B can be chosen independently over the 
set of the smooth vector fields X bounded by 1. 

The statements of Theorems [T] and [2] can be improved with respect to the order k. However, 
we will not discuss it here since we do not need it for the applications in the next section. 

To show the statements of the theorems, first, convolving ([3]) with u G V{M), we 
conclude that 

u = u*5 = u* P{aK) — u* (3. (8) 

For classical algebras q the extension drc : q ^ TpM to the algebra of the left invariant 
differential operators on G has the property (i7r(Z(G')) = ©(M), {[5, Proposition 7.4, Theo- 
rem 7.5] or ^ Remark, p. 326]). This means that P G ©""(M) is an image of a bi-invariant 
operator on G and, in particular, commutes with left and right convolution. Therefore, ([H]) 
implies 

u = Pu * aK — u* p. (9) 

Let us make several remarks. In general, for a separable unimodular Lie group G and a 
compact H, such that {G,H) is a symmetric pair, equation follows from ([8]), for an 
arbitrary P G ©(G/if). Indeed, distribution aK is compactly supported and, according to 
[H Theorem 5.5, p. 293], we have u * P{aK) = Pu * aK. In our case, ([H]) follows from ([H]) in 
conditions of Theorem [T] because P is the image of a bi-invariant operator on G. Note, that 
if the Lie group G is compact, then statements of Theorem [T] and Theorem [2] follow directly 
from the local estimates of the same type. Indeed, if we apply equality ([T]) to m and then 
apply D (not necessarily invariant) to it, we get 

Du = DQPu - DRu. 

Now, operators DQ and DR are pseudo-differential operators of strictly negative orders 
and, therefore, locally bounded on . Therefore, we may assume that G is not compact. 
Applications of the next section will deal with the case of the iterated Laplace-Beltrami 
operator P = A'. According to [51, p. 331], if the Riemannian structure on G is associated to 
the Killing form, the Laplace-Beltrami operator on M = G/if is the image of the Casimir 
operator on G, which belongs to the center Z{G). 

Proof of Theorem [It An application of D to equality together with an argument above 
imply 

Du = Pu* D{aK) -u*D(3. 

By Lemma [H we have D{aK) G L^(M) and Young inequality (0) yields estimate (EI). In 
case p = oo we have convolutions of the type L°° * L^, which give continuous functions. This 
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completes the proof of Theorem [H 

Now we will need some notation and auxiliary results. We start with constructing an 
invariant Riemannian structure on G, making the projection vr a Riemannian submersion. 
In the sequel Igh = gh, Vgh = hg, g,h E G will denote the left and right group actions 
on G. The induced actions of G on M will be denoted by the same letters. The adjoint 
representation will be denoted by Ad : G GL{TeG). The following lemma is standard. 

Lemma 2 There exists a G-left and H-right invariant Riemannian structure on G, such 
that the canonical projection tt : G ^ M is a Riemannian submersion, i.e. a submersion, 
for which horizontal lift of vector fields preserves Riemannian norms. 

For every g E G let Kg = Ker dgii {Kg = TgH = TeH). Let Ng be the orthogonal complement 
to Kg with respect to Ad(if)-invariant inner product (■, ■)o given by 

(X,F)o:=/ {A{X),AiY))odfx{A), (10) 

JAd(H) 

where fi is Haar measure on a compact set Ad{H) and (■, ■)q is an arbitrary inner product 
on TeG. Thus we have TgG = Kg^ Ng. Define an inner product {■,-)Ne on N^. for vectors 

:=(x,y)M„ (11) 

where (■, ■)mp is the restriction to TpM of the given invariant Riemannian structure on M 
and X = d7i{X),Y = d7i{Y) G TpM. Vectors X and Y are uniquely defined, dn being an 
isomorphism between and TpM, and they are called the horizontal lifts of X and Y. The 
desired Riemannian structure on G can now be constructed by applying dig to 

{u,v) := {u\k,,v\kJo + {u\n,,v\nJn,, (12) 

where u,v & T^G, u\k^,v\k^ and u\n^,v\n^ are projections of m, v on K^ and A^e, respectively. 
The inner product in ( |T2l) is clearly Ad(if)-invariant, the expansion is therefore G-left and 
-right invariant. It follows immediately from formulas ( ITTl) and ( fT2l) that all dgir are partial 
isometrics (isometrics from Ng to T^^i^g^M). We fix this inner product on G since it satisfies 
Lemma [21 For the sake of completeness let us list briefly some well known properties of the 
pullback jj which will be necessary. 

Lemma 3 (i) Let G Cc{G) be a continuous compactly supported function on G. Then 
for X = Tx[g) the function 0^(a;) is correctly defined by 

ct}'{x) = [ (P{gh)dh, 
Jh 

where dh is the normalized Haar measure on H . Moreover, (f)' G Cc(M) and mapping 
(j) ^ (j)^ is linear surjective from Cc{G) to Cc{M) and from T^iG) to V{M). 
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(ii) The transpose of (p (p defined by 

(T«,0) = (T,/) 
is an injective mapping from V{M) —>■ V{G). 

(iii) Let S G V{G). Then S is right H -invariant if and only if there exists T G V{M), 
such that S = TK For Ti,T2 G T>'{M) the convolution products on G and M are 
related by 

tI * tI = (Ti * T2)". 

(iv) Let Y be a horizontal lift of a vector field X on M and let T G V{M) be a distribution 
on M. Then F(T«) = {XT)K 

Proof of Theorem [2t The pullback of formula now reads 

M« = {Auf * {aKf -u^* /3K (13) 

Let X be a smooth vector field on M, bounded by one: \\Xx\\ < 1. Let Y denote the 
horizontal lift of X: 

1. dg7r(Yg) = Xx, where x = nig). 

2. YgeNg = (Ker c/^vr)^. 

It is not difficult to see that Y is smooth. Let Yi, . . . , Yj^j be an orthonormal basis of the Lie 
algebra g, such that (^1)^, . . . , (Yn)g G Ng for all g E G. Vector field Y can be decomposed 
with respect to the basis Yi, . . . , F„ at every point g E G: 

n 

Yg = J2ci^{g)Y,,g eNgC TgG, (l4) 

i=l 

where Yi^g = (Yi)g = delgiYi)^ are values at g of the left invariant vector fields Yi. Note, 
that such decomposition is only pointwise because Y need not be left invariant in general, 
we use that Yg G Ng and the fact that Yi,g, . . . , Yn,g constitute a basis for a linear space Ng. 
However, it is global and functions smooth due to the smoothness of Y and 

The norm of Yg at TgG is 1 P = ^"=1 In view of Lemma [21 \ \Yg\ \ = \ {X^W < 1. 

In particular, |aj((7)| < 1 for all g E G. Now we differentiate in (JT3l) with respect to the 
basis vector fields Yt and the left invariance of Yi yields: 

YiU^ = {Auf * Yi{aK)^ + * YipK (15) 

Obviously YiP^ G T>{G) C L^{G). In view of Lemma [T] the compactly supported distribution 
aK and its derivatives are integrable and so are their puUbacks, the pullback mapping being 
an isometry of L^ spaces. Let Ai = \\Yi{aKY\\i and Bi = \\YiP'^\\i. Apphcation of Young 
inequality [3, Cor. 20.14] to (USD yields 

\\YiU% < Ai\\{Au)% + B,\\u%. 
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Decomposition ( fT^ together with bounds on at and equahties ||(Au)'*||p = ||Au||p and 
1 1""^! \p = 1 1^1 Ip imply 

\\Yu% < A\\Au\\p + B\\u\\p 

with A = X]r=i ^* ^ ~ J2^=i^i- Lemma Owe have HFw^Hp = ||X-u||p, estabhshing 
inequahty ([7]). In case p = oo, formulas (fTHj) and (fT^ imply the continuity of YuK By 
Lemma [3], (Xu)" = Fm" is continuous. The continuity of Xu now follows from the fact 
that M is equipped with the quotient topology, i.e. the strongest topology, for which vr is a 
continuous mapping. This finishes the proof of Theorem [2j 



3 L^— distributions 

Let M be a symmetric space as before. In this section we will apply estimates of the previous 
section to the particular cases of P = A'^, to construct spaces V'^p{M) of L^-distributions, 
invariantly on M. For 1 < p < oo, we consider the space 

Vlp{M) = {0 G C^{M) : AV G LP(M), V A; G Z>o}, 

equipped with a countable system of seminorms 

ujp^k{(p) = max{||0||p, ||A''(/)||p}, k G Z>o. 

They define the coarsest locally convex topology for which the maps A^ : Vlp{M) —>■ L^^M) 
are continuous for all k G Z>o. With this topology Vlp{M) become Frechet spaces. For 
1 < p < oo we obviously have the continuous embeddings 

V{M) C Vlv{M) C V'{M). 

The first inclusion is also dense for p < oo. For p = oo define Vl-^ to be the subspace of 
Ploo of functions vanishing at infinity. Then V{M) is dense in T>loo, so the spaces V^p for 
1 < p < oo and T>loc, are normal spaces of distributions. This implies that their strong duals 
are the subspaces of V{M). For 1 < p < oo and q such that 1/p + 1/q = 1, we denote by 
r'2p(M) the strong dual of Viq^M). For p = 1 we denote by Vii\M) the strong dual of 
T>L°°{M). In view of Theorem [2] the spaces T>lp{M) coincide with the spaces Vlp{^^) of L. 
Schwartz Ch. VI]) when M = W. 

Theorem 3 A distribution T belongs to Vj^p{M) if and only if there exist m = m{T) G N 
and f,gE U'{M), such that 

T = f + A"^g. (16) 



Proof: Let 1/p + l/q = 1. First, if T is given by formula ( fT6l) . then T is a linear continuous 
functional on Pm(M), so T G V'^p{M). 

Conversely, suppose that T G V'^pi^M) and assume that p > 1. Then there exists a 
number m such that 

|(T,0)| <Ccu,,^(0), (17) 
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for every (p G Vli{M). Let l : Vli{M) L'^{M) x L^^M) be an injective inclusion, 
= (0, A"^(j)). On the image of l consider a linear map L : L{T>Lq{M)) C defined by 

L(0,A™0) = (T,0). 

Inequality (JTTIl implies 

\L{4>,A^4>)\ < Clj,,U4>) = Cmax{||0||g, IIA'^^IIJ, 

which means that L is continuous if we equip l{Vli{M)) with the induced topology of 
L'^{M) X L'^[M). Therefore, by Hahn-Banach theorem L allows a linear continuous extension 
to L«(M) X L''(M), which we also denote by L. Now, the dual of ^^(M) x L«(M) is 
LP{M) X LP(M), implying 

(T,0) = L(0,A"^0)= /" / (A"^0)^d/i = 

(/,0) + (<7,A-0) = (/,0) + (A-^?,0) = 

for all G VLq{M), and some f,g& U'{M), with integration with respect to the Riemannian 
measure /x. The case with p = 1 follows the same lines, but one should take Co(M) x Co(M) 
instead of L'^{M) x L'^[M). Then / and g are Radon measures, but a standard closed graph 
argument shows that / and g can be taken in L°°. The proof is complete. 

From Theorem [3] we can imagine the general structure of distributions. For example, 
if / G U'{M) is compactly supported and g G U'{M) is supported "near infinity", then 
sums of derivatives of / and g represent elements of D^p(M). There is an improvement to 
Theorem [3l 

Corollary 1 Let T G V^p{M). Then there exist m = m{T) G N and continuous functions 
fk ^ LP{M), < k <m, such that 

m 

t = ^aV.. 

fc=0 

Proof: Let Qj be a right parametrix for the elliptic operator (/ — A)-'. Then we have 
(/ — AYQj = I + Rj, with Rj a smoothing operator. Applying this to a function h G L^, 

we get 

h = {I - AyiQjh) - Rjh. 

Choosing j sufficiently large, the functions Qjh and Rjh are continuous L^-functions. This 
argument for functions / and g in ( fT6|) imply the corollary. 

Theorem 4 A distribution T belongs to V'j^p{M) if and only if a * T G L^^M) for every 
a G V{M). 
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Proof: Assume first that 1 < p < oo and let q be such that + 1/q = 1. Let T be in 
P^p(M). The set 

B = {<P E C,{M) : mU<l} 

is dense in the unit ball of L'^{M) since 1 < g < oo and is a Radon measure. Let a G V{M) 
be fixed. Then by the Young inequality for every G -B we get 

||A^(«*0)||,= ||A'=d*0||,< ||A'=d||i||0||,< IIA'^dlli, 

where a = (a^)^ and P{g) = (3{g~^) for g G Cc{G). This implies that the set {a * 0, G B] 
is bounded in Vlq^M) and, by using Lemma [HI we get that 

(a *T,(j)) = {a^ * 0") = (T«, * 0») = (T, (a^)^ * 0) = (T, d * 0) 

is bounded if we let G -B. It follows that sup^g^ | (a * T, 0) | are bounded and hence a *T 
extends to a linear continuous functional on L'^{M), which means that a * T G U'{M). 
Conversely, suppose that a * T G Lp{M) for all a G V{M). For a fixed a G "PlM), 

(0 * T, d) = (a * T, 0) 

are bounded for G -B and, therefore, 0*T are bounded in V{M) for (p E B. Let us denote 
by k{m) the smallest number /c for which the fundamental solution K for A^ is in C""(M). 
Let F be a compact neighborhood of the origin of M and let 7 G Vf{M) be equal to one 
in a neighborhood of the origin and supported in F. Then formula (I3l) with P = A'^ implies 
that 

T = 6*T = A^-fK *T) - (3*T, (18) 

where j3 *T E U'{M) according to our assumption and ""yK G C"^{M) is supported in F. 

Now we will use the property that bounded sets of distributions are equicontinuous on 
compact sets in R" (see [12]), which means that if D' C V(M"') is bounded and C M" is 
compact, then there exists an integer m such that 

\{T,^)\ <Cmax||D>||<j, y^JEVN, \/T E D' . 

i/|<m 

This estimate is a direct consequence of the uniform boundedness principle in the Frechet 
space V^q. Because F is compact, it follows that distributions * T are equicontinuous on 
F, since we can apply Theorem [T] to their localizations in M". Therefore * T extend to 
T>'"P\m) for all G -B and the extensions satisfy 

sup I (a * T, 0)1 < GO, 

in particular if we take a = 7 A'. It follows that 'jK * T E U'{M) since 

if i^' is a fundamental solution for A^^"*). The statement follows now from Theorem [3] and 

decomposition ( fTSl) . 

The case of p = 1 is similar, implying that '-jK * T must be a Radon measure. A standard 
additional closed graph argument shows that it is actually in L°°(M). Finally we generalize 
some properties of convolutions. 
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Theorem 5 The following holds: 

(i) Let T G V'^p{M) and G Vl,{M). Then (j)T G V'^r{M) ifr>landl/r< l/p+l/q. 

(ii) Let T G V'l,,{M) and S G I?1,(M), w/iere 1/p + 1/g > 1. T/ien T * 5 g I?1.(M) z/ 
1/r = 1. 

(iii) Let T G V'^p{M) and (p G Vl,{M), where l/p+l/q > 1. T/ien (p*T e VLr{M) if 
1/r = 1. 

Note that the mappings induced by (i) and (iii), are separately continuous in the corre- 
sponding spaces, and the mapping in (ii) is continuous. The proof of Theorem [5] consists of 
apphcation of Theorem [3] to the spaces in Theorem [5l The statement follows from the cor- 
responding properties of the convolution ([7]). We omit the details since they are similar to 
those in Section VI in [TU] after we reduce the problems to the Lebesgue spaces by Theorem 

El 

References 

[1] E. Cator, Two problems in infinite dimensional analysis, PhD thesis, Utrecht University 
(1998). 

[2] J. Barros-Neto, An introduction to the theory of distributions, Marcel Dekker, Inc., New York, 
1973. 

[3] J. Jost, H. Karcher, Geometrische Methoden zur Gewinnung von a-priori-Schranken fiir har- 
monische Abbildungen, Manuscripta Mathematica, 40(1982), 27-77. 

[4] S. Helgason, Groups and Geometric Analysis, Academic Press, 1984. 

[5] S. Helgason, Fundamental solutions of invariant differential operators on symmetric space, 
American Journal of Mathematics, 86 (1964), 565-601. 

[6] S. Helgason, Some results on invariant differential operators on symmetric spaces, American 
Journal of Mathematics, 114 (1992), 789-811. 

[7] E. Hewitt, K.A. Ross, Abstract Harmonic Analysis I, Springer- Verlag, 1963. 

[8] D.W. Robinson, Elliptic Operators and Lie Groups, Oxford Univ. Press, New York, 1991. 

[9] M. V. Ruzhansky, Singularities of affine fibrations in the regularity theory of Fourier integral 
operators, Russian Math. Surveys, 55 (2000), 99-170. 

[10] L. Schwartz, Theorie des Distributions, I, II, 2nd ed., Hermann, Paris, 1957. 

[11] E. Stein, Harmonic Analysis, Princeton Univ. Press, Princeton, 1993. 

[12] E. Thomas, Functional Analysis, II, Lecture Notes for MRI course, 1993. 

[13] N.Th. Varopoulos, Analysis on Lie Groups, Journal of Functional Analysis, 76 (1988), 346-410. 

Mathematics Department, Imperial College 
180 Queen's Gate, London SW7 2AZ, UK 
E-mail address: ruzh@ic.ac.uk 

Eingegangen am 5. November 2001 



10 



